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We study confined scattering of a quantum particle by two centers fixed on the longitudinal
axis of a harmonic waveguide-like trap. The conditions of confinement-induced resonances (CIRs)
appearing in these systems, when scattering cross section approaches the unitary limit, are derived
for a regularized pseudopotential describing particle interaction with scattering centers. In the limit
of a single center, the position of CIR for even state tends to the well-known result obtained by
Olshanii. Our result can be applicable to confined atomic scattering by fixed impurities, like ions
or Rydberg atoms, with possible extension to N impurities, or by two-atomic molecules.
PACS numbers: 34.10.+x,34.50.Cx,34.50.Rk,31.15.B-
I. INTRODUCTION
Experimental investigations of quantum gases stimulated the development of the theory of low-dimensional quantum
systems in confined geometry of atomic traps [1–6]. So far, starting from the seminal works [7, 8], the discrete as
well as continuum spectra of the confined two-body problem have been investigated in detail (see, for example [9–17]
and a review given in [6]). However, growing interest in cold hybrid atom-ion, atom-impurity and molecular systems
[21, 22] makes it necessary to extend the theoretical analysis to the quantum two-center problem in confining traps.
For example, a possibility is shown to model stationary nuclear cores and mobile electrons in a crystal with trapped
ions and cold atoms [23]. Also, the use of trapped Rydberg atoms as impurities in place of ions for modeling other
quantum processes is discussed [21]. The classical two-center problem (in free space) - a quantum particle in the field
of two force centers situated at a fixed distance from each other - has a fundamental importance in molecular physics
[24, 25]. Its generalization to the case of an atom in the field of two impurities fixed inside a confining trap can have
potentially interesting applications for studying more complicated confined atom-ion, atom-impurities and molecular
systems.
The first step in the study of the discrete spectrum of the confined two-center problem was made in a recent
paper [26]. In the present work we study the continuum spectrum of the two-center problem confined in a harmonic
waveguide trap (the continuum spectrum of an atom in the field of two impurities fixed on the longitudinal axis
of the harmonic waveguide trap). A special consideration is devoted to finding the conditions of occurrence of the
so-called confinement-induced resonances (CIRs)[8] in the confined two-center problem. The CIRs were predicted by
Olshanii in [8] for the case of one scattering center in harmonic waveguide-like traps. The dynamics of this system
was mapped to an effective 1D Hamiltonian with s-wave pseudopotential [18, 19], and the condition of appearance of
CIR was formulated. It was shown that in the case of CIR, the effective 1D coupling constant (g1D) of the effective
interaction was altered from strongly repulsive (+∞) to attractive (−∞) and the maximum, approaching the unitary
limit, appeared in the reflection coefficient.
It was found that the theoretical description of the confined ultracold atomic systems and processes with contact
interparticle interactions (pseudopotentials) gives a realistic picture here [3–6]. The first proposed zero-range pseu-
dopotential for s-wave scattering by Fermi-Huang [18, 19] was extended for higher partial waves in [14, 27–29] and
non-zero energies [10, 30]. Different pseudopotentials were devised to tackle with various shapes or types of confine-
ments; in [31, 32] a 2D pseudopotential was developed for zero-range interaction in quasi-2D atomic gases and in
[33] an alternative regularization method within pseudopotential was used to predict CIR in square-shape transversal
confinement.
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2While the one-center problem in free space is spherically symmetric and s-wave pseudopotential is adequate here,
the two-center problem does not possess this symmetry any more and demands special consideration. We perform
the necessary modification of the pseudopotential approach which is shown to be applicable to confined scattering by
two scattering centers and potentially can be extended to N -center problems as well.
In the following, we first discuss the necessary modification of the pseudopotential approach for the confined
two-center problem (Sec.II). In Sec.III, the scattering amplitudes describing confined scattering by two-centers in a
harmonic waveguide-like trap is derived in the pseudopotential approach. The reduction of the problem to an effective
1D Hamiltonian is given in Sec.IV . Finally, we obtain the conditions of occurrence of CIRs in the confined two-center
problem and discuss the dependence of the CIR positions on the parameters of the problem (Sec.V). In Sec.VI, a brief
conclusion is given.
II. ALTERNATIVE REGULARIZATION PROCEDURE FOR PSEUDOPOTENTIAL
We study the scattering of a confined atom (of massm) from two fixed centers (impurities) in a harmonic weveguide.
The corresponding Hamiltonian is given by
H3D = − ~
2
2m
∂2
∂z2
+H⊥ + V3D , (1)
where
H⊥ = − ~
2
2m
(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
1
ρ2
∂2
∂ϕ2
) +
1
2
mω2⊥ρ
2 (2)
is the Hamiltonian of a transversal 2D harmonic oscillator (with frequency ω⊥) describing interaction of the atom
with confining trap, and V3D is the interaction potential between the atom and two impurities (see Fig. 1).
When there is only single scatterer, the zero-range pseudopotential V3D can be presented as [8]
V3Dψ = g3Dδ
3(r)
∂
∂r
(rψ) , (3)
where g
3D
= 2π~2a
3D
/m is the coupling constant defined by the 3D scattering length a
3D
in free space (H⊥ = 0)
[18, 19].
For the case of two impurities located at the points z = a and z = −a on the longitudinal Z-axis of the confining
trap, one can assume V3D as in ref.[26]
V
3D
ψ =
1
2
g
3D
[
δ3(r1)
∂
∂r1
(r1ψ) + δ
3(r2)
∂
∂r2
(r2ψ)
]
, (4)
where r1 = r−a and r2 = r+a , a = anz . Here we have multiplied their potential by factor 1/2 so that it can mimic
the single scatterer potential in the limit a → 0. However, this potential is not capable of reproducing the Olshanii
result [8] when a tends to zero, due to a especially chosen regularization in (4) (see below and the text after Eq.(65)).
In search of a suitable regularization operator, we have to recall the enforcements of a zero-range interaction
potential for the case of scattering from a single scatterer. According to [6], whenever the Hamiltonian contains such
a potential, the wave function, ψ(r) , can be a solution of the corresponding Schro¨dinger equation in free space only
if it obeys the Bethe-Peierls contact condition [34],
ψ(r) = A(
1
r
− 1
a
3D
) +O(r) as r → 0 . (5)
Applying the regularization operator ∂∂r (r.) in Eq.(3) to the function (5) results in
∂
∂r
(rψ) = − A
a
3D
, (6)
i.e. it removes the divergence A/r as r → 0. However, a simple extension (4) of the regularized pseudopotential (3) to
the case of two-center problem does not remove the singularity of the order 1/a in the scattering wave function ψ(r)
as a→ 0. Actually, the wave-function ψ(r) has two singularities A1/r1 and A2/r2 as r1 → 0, and r2 → 0 [35–39],
ψ(r) =
A1
r1
+
A2
r2
+ C , (7)
3then V
3D
ψ in Eq.(4) will be proportional to 1a , thus leading to a divergency as a→ 0.
To elimininate this drawback, we suggest alternative regularization 12
∂2
∂r2 (r
2.) instead of ∂∂r (r.). It is clear that the
action of the operator 12
∂2
∂r2 (r
2.) on the wave-function (5) as r → 0 is equivalent to (6),
1
2
∂2
∂r2
(r2ψ) = − A
a
3D
.
The extension of this procedure to the two-center problem removes the singularity 1/a as a → 0 in V3Dψ. We
will see that the results obtained in the limit a = 0 are in agreement with the one-center known counterparts (see
Eq.(63,64) and the text followed).
So using an alternative regularization procedure, we define the pseudopotential V3D modeling atom-impurities
interaction as
V3Dψ =
1
2
× 1
2
g
3D
[
δ3(r1)
∂2
∂r1∂r2
(r1r2ψ) + δ
3(r2)
∂2
∂r2∂r1
(r2r1ψ)
]
. (8)
With the same justification, we arrive at the fact that the regularizing operator for the case of N impurities can be
defined as 1N × 1N ! ∂
N
∂r1∂r2...∂rN
(r1r2...rN .).
III. CONTINUOUS SPECTRUM OF CONFINED TWO-CENTER PROBLEM IN PSEUDOPOTENTIAL
APPROACH
Our goal is to find the scattering states of the Hamiltonian (1) with the interaction potential defined in (8).
Assuming the wave function Ψ(r
¯
) as expansion over eigenstates of the tranverse Hamiltonian H⊥, i.e. φn(ρ), we have
Ψ(r) = ψ(z, ρ) =
∞∑
n=0
ψn(z)φn(ρ) . (9)
Since at the position of scattering centers, only the transverse eigenstate with m = 0 has a nonzero value at ρ = 0,
we have neglected the azimuthal angular dependence of the wave function and considered the transversal eigenstates
as φn(ρ) = 〈ρ, ϕ|n,m = 0〉. By inserting the above wave function into the Schro¨dinger equation, we reach
∞∑
n=0
[
− ~
2
2m
∂2ψn
∂z2
φn(ρ) + ψn(z)H⊥φn(ρ)
]
+ V3Dψ(z, ρ) = Eψ(z, ρ) . (10)
With regard to the defined interaction potential (8), ψn(z) can be a solution of Eqs.(10) only if some delta functions
appear in its second derivative as follows (for some µn± ):
∂2ψn
∂z2
= Rψ
′′
n(z) + µn−δ(z − a) + µn+δ(z + a) , (11)
where Rψ
′′
n(z) is the smooth continuous part of
∂2ψn
∂z2 with finite values at the points z = ±a and Rψ
′′
n(z) =
d2ψn
dz2 at
z 6= ±a. Then, the terms containing delta functions
Ω =
∞∑
n=0
([
− ~
2
2m
µn−δ(z − a)−
~
2
2m
µn+δ(z + a)
]
φn(ρ)
)
+ V3Dψ(z, ρ) (12)
should be canceled among themselves, resulting in Ω = 0 (the jump of the kinetic energy at the points z±a is canceled
by the contact interaction in these points).
We integrate both sides of Eq.(10) over ρ with the weight factor 2πρφ∗n(ρ); considering Ω = 0 and the fact that
away from z = ±a, Rψ′′n(z) = d
2ψn
dz2 , we get uncoupled ordinary differential equations
− ~
2
2m
d2ψn
dz2
+ (2n+ 1)~ω⊥ψn(z) = Eψn(z) , z 6= ±a . (13)
Thus, for n = 0, we have
d2ψ0
dz2
+ k2ψ0 = 0 , k
2 =
2m
~2
(E − ~ω⊥) > 0 , (14)
4whose solution would be a superposition of eikz and e−ikz . For an atom coming from z = −∞, reflected and
transmitted from pseudopotentials located at z = −a and z = a (Fig. 1), the wave function, ψ0, can be written as
ψ0(z) =

eikz + f−e−ikz , z < −a
Aeikz +Be−ikz , − a < z < a
eikz + f+eikz , z > a
,
(15)
where f±(k) denote the atom-impurity forward and backward scattering amplitudes in the presence of the external
confining potential. The forward-backward amplitudes f±(k) can be written as a sum f±(k) = fe(k) ± fo(k) of
even-odd (gerade-ungerade) scattering amplitudes fe(k) and fo(k).
Fig. 1 A schematic representation of an atom with the wave number k confined in a waveguide and scattered from two
impurities simulated by a double-delta function potential
Considering the asymptotic wave function as
ψ0(z → ±∞) = eikz + [fe + sgn(z)fo] eik|z| (16)
and applying continuity of the wave function at z = a and z = −a leads us to
ψ0(z) = e
ikz +A0e
ik|z−a| +B0eik|z+a| , (17)
where 
A0 =
fe
2 cos(ka) + i
fo
2 sin(ka)
B0 =
fe
2 cos(ka) − i fo2 sin(ka)
(18)
For n > 1, (13) follows
d2ψn
dz2
− k2nψn = 0 , (19)
where k2n =
2m
~2
[(2n+ 1)~ω⊥ − E] and since E = ~ω⊥ + ~2k2/(2m), we have k2n = 2m~2
(
2n~ω⊥ − ~2k22m
)
. Considering
a⊥ =
√
~
mω⊥
and ǫ = −(a⊥k2 )
2
, we have
kn =
2
a⊥
√
n+ ǫ . (20)
The asymptotic boundary condition for ψn(z) is
ψn(z → ±∞) = 0 . (21)
5Considering the above condition, we have the even and odd wave functions as follows:
ψn,e(z) =

Cne
knz , z < −a
An
(
eknz + e−knz
)
, − a < z < a
Cne
−knz , z > a
(22)
ψn,o(z) =

−Dneknz , z < −a
Bn
(
eknz − e−knz) , − a < z < a
Dne
−knz , z > a
(23)
After applying continuity of the wave function at z = a and z = −a, we obtain
ψn,e(z) =
Cn
2 cosh(kna)
[
e−kn|z−a| + e−kn|z+a|
]
(24)
ψn,o(z) =
Dn
2 sinh(kna)
[
e−kn|z−a| − e−kn|z+a|
]
. (25)
Thus, by using (17), (24), (25), and considering ψn as a superposition of even and odd wave functions (ψn =
ψn,e + ψn,o), we have
− ~
2
2m
d2ψ0
dz2
=
~
2k2
2m
ψ0 − i~
2k
m
[A0δ(z − a) +B0δ(z + a)] (26)
− ~
2
2m
d2ψn
dz2
= −~
2k2n
2m
ψn
+
~
2knCn
2m cosh(kna)
[δ(z − a) + δ(z + a)]
+
~
2knDn
2m sinh(kna)
[δ(z − a)− δ(z + a)] , n > 1 , (27)
which is consistent with our assumption in Eq.(11).
Now we have to clarify the last term in Eq.(12), V3Dψ(z, ρ). By defining the coefficients η1 and η2 as
η1 =
1
2
∂2
∂r1∂r2
(r1r2ψ)|r1→0 (28)
η2 =
1
2
∂2
∂r2∂r1
(r2r1ψ)|r2→0 , (29)
which turn out to be (see Appendix A)
η1 =
1
2
d2
dz2
[(z − a)(z + a)ψ(ρ = 0, z)]z→a+ (30)
η2 =
1
2
d2
dz2
[(z − a)(z + a)ψ(ρ = 0, z)]z→−a− , (31)
and taking into account δ3(r) = δ(ρ)δ(z)/(2πρ), we can represent V3Dψ in Eq.(8) as the following:
V3Dψ =
1
2
g
3D
δ(ρ)
2πρ
[η1δ(z − a) + η2δ(z + a)] . (32)
Now by inserting the irregular part of Eq.(26) and Eq.(27) (containing delta functions) and V3D as Eq.(32) into
Eq.(12), we come to the following relation:
Ω = −i~
2k
m
[A0δ(z − a) +B0δ(z + a)]φ0(ρ) + ~
2
2m
∞∑
n=1
[
Cnkn
cosh(kna)
[δ(z − a) + δ(z + a)]φn(ρ)
]
+
~
2
2m
∞∑
n=1
[
Dnkn
sinh(kna)
[δ(z − a)− δ(z + a)]φn(ρ)
]
+
g
3D
δ(ρ)
4πρ
[η1δ(z − a) + η2δ(z + a)] . (33)
6The demand Ω = 0 leads to two relations at z = a and z = −a:
−i~
2k
m
A0φ0(ρ) +
~
2
2m
∞∑
n=1
[(
Cn
cosh(kna)
+
Dn
sinh(kna)
)
knφn(ρ)
]
+
g
3D
4πρ
δ(ρ)η1 = 0 (34)
−i~
2k
m
B0φ0(ρ) +
~
2
2m
∞∑
n=1
[(
Cn
cosh(kna)
− Dn
sinh(kna)
)
knφn(ρ)
]
+
g
3D
4πρ
δ(ρ)η2 = 0 . (35)
By integrating Eq.(34) and Eq.(35) over ρ with the weight factor 2πρφ∗0(ρ) and taking into account φ
∗
0(ρ = 0) =
1/(a⊥
√
π), we find the coefficients A0 and B0 in terms of η1 and η2:
A0 = −i
√
πa
3D
ka⊥
η1 (36)
B0 = −i
√
πa
3D
ka⊥
η2 . (37)
By using the definitions (18), one can represent the scattering amplitudes fe and fo in (16) as
fe = −i
√
πa
3D
ka⊥
cos(ka)(η1 + η2) (38)
fo = −
√
πa
3D
ka⊥
sin(ka)(η1 − η2) . (39)
Likewise, by integrating Eq.(34) and Eq.(35) over ρ with the weight factor 2πρφ∗n(ρ) and taking into account
φ∗n(ρ = 0) = 1/(a⊥
√
π), we find the coefficients Cn and Dn
Cn = −
√
πa
3D
kna⊥
cosh(kna)(η1 + η2) (40)
Dn = −
√
πa
3D
kna⊥
sinh(kna)(η1 − η2) . (41)
By inserting the found coefficients A0, B0, Cn and Dn into Eq.(17), Eq.(24) and Eq.(25) and, finally, in the
expansion Eq.(9), we reach to the following relation for the wave function ψ(z, ρ)
ψ(z, ρ) = eikzφ0(ρ)− i
√
πa
3D
ka⊥
η1e
ik|z−a|φ0(ρ)− i
√
πa
3D
ka⊥
η2e
ik|z+a|φ0(ρ)
−
∞∑
n=1
[√
πa
3D
kna⊥
η1φn(ρ)e
−kn|z−a| +
√
πa
3D
kna⊥
η2φn(ρ)e
−kn|z+a|
]
. (42)
At ρ = 0, it reduces to
ψ(z, ρ = 0) =
eikz
a⊥
√
π
− i a3D
ka2⊥
[
η1e
ik|z−a| + η2eik|z+a|
]
− a3D
2a⊥
η1 ∞∑
n=1
e
− 2|z−a|
√
n+ǫ
a⊥√
n+ ǫ
+ η2
∞∑
n=1
e
− 2|z+a|
√
n+ǫ
a⊥√
n+ ǫ
 . (43)
Following the computational scheme suggested in [8] (see also [6]) for the summation
Λ(x, ǫ) =
∞∑
n=1
e−x
√
n+ǫ
√
n+ ǫ
(44)
appearing in Eq.(43), we isolate the divergencies at z = ±a by adding to and subtracting 2/x from the above expression
Λ(x, ǫ) =
2
x
+ Λ˜(x, ǫ) . (45)
7Then, the wave function at ρ = 0 can be reduced to the form
ψ(z, ρ = 0) = − a3Dη1
2|z − a| −
a
3D
η2
2|z + a|
+
eikz
a⊥
√
π
− i a3D
ka2⊥
[
η1e
ik|z−a| + η2eik|z+a|
]
− a3D
2a⊥
[
η1Λ˜(
2|z − a|
a⊥
, ǫ) + η2Λ˜(
2|z + a|
a⊥
, ǫ)
]
. (46)
To obtain the scattering amplitudes (Eqs.(38, 39)), we need to find an expression for η1 and η2. According to the
definitions (30) and (31), it is necessary to find the second derivative of the wave function (46) multiplied by the
factor (z − a)(z + a) in the respective limits (z → ±a).
It is clear that after calculating d
2
dz2 [(z − a)(z + a)ψ(z, ρ = 0)] with ψ defined in Eq.(46), the first two terms in
Eq.(46) (diverging at z = ±a) are removed, as it is desired. So only the remaining terms in Eq.(46) matter, which we
define as S(z) in ψ(z, ρ = 0) = − a3Dη12|z−a| −
a
3D
η2
2|z+a| + S(z). Then we have
1
2
d2
dz2
[(z − a)(z + a)ψ(z, ρ = 0)] = S(z) + 2z dS
dz
+
1
2
(z2 − a2)d
2S
dz2
, (47)
a finite function at z = ±a. Here, we need to find the derivative of the sum Λ˜(x, ǫ) over z. By using its definition
(Eq.(45)), we obtain
dΛ˜
dz
=
dΛ˜
dx
dx
dz
=
[
2
x2
−
∞∑
n=1
e−x
√
n+ǫ
]
dx
dz
, (48)
where dxdz =
2
a⊥
z±a
|z±a| . Defining the summation appearing here as
∞∑
n=1
e−x
√
n+ǫ =
2
x2
+ F˜ (x, ǫ) , (49)
we conclude
∂Λ˜
∂z
= −F˜ ( 2
a⊥
|z ± a|, ǫ) 2
a⊥
z ± a
|z ± a| . (50)
We need to find an expresion for F˜ (x, ǫ), when x goes to zero. Following the scheme suggested in [6] for computing
Λ˜(x, ǫ), we represent F˜ (x, ǫ) as follows:
F˜ (x, ǫ) = − 2
x2
+
∫ ∞
1
e−x
√
u+ǫdu − lim
N→∞
∫ N
1
e−x
√
u+ǫdu+ lim
N→∞
N∑
n=1
e−x
√
n+ǫ (51)
and reduce it to the form
F˜ (x, ǫ) = − 2
x2
+
2
x2
(1 + x
√
1 + ǫ)e−x
√
1+ǫ
+ lim
N→∞
[
2
(1 + x
√
N + ǫ)e−x
√
N+ǫ − (1 + x√1 + ǫ)e−x
√
1+ǫ
x2
+
N∑
n=1
e−x
√
n+ǫ
]
, (52)
which is convergent as x→ 0
F˜ (0, ǫ) = −ǫ . (53)
In order to find an expression for Λ˜(0, ǫ), we follow the same procedure and finally obtain
Λ˜(0, ǫ) = lim
N→∞
[
−2
√
N + ǫ+
N∑
n=1
1√
n+ ǫ
]
= ζ(1/2, 1 + ǫ) , (54)
8where ζ(1/2, x) represents the Hurwitz zeta function which is known as
ζ(1/2, x) = lim
N→∞
[
−2 ↑
√
N + x+
N∑
n=0
1
↓√n+ ǫ
]
, (55)
where ↑
√
|r|eiθ =
√
|r|eiθ/2 for 0 6 θ < 2π and ↓
√
|r|eiθ =
√
|r|eiθ/2 for −2π < θ 6 0.
Now using (30, 31) and (47), we reach two coupled equations with respect to unknown η1 and η2,
η1 =
eika
a⊥
√
π
− i a3D
ka2⊥
(
η1 + η2e
i2ka
)− a3D
2a⊥
[
η1Λ˜(0, ǫ) + η2Λ˜(
4a
a⊥
, ǫ)
]
+
2aikeika
a⊥
√
π
+
2aa
3D
a2⊥
(η1 + η2e
2ika)− 2aa3D
a2⊥
[
ǫη1 − F˜ ( 4a
a⊥
, ǫ)η2
]
(56)
η2 =
e−ika
a⊥
√
π
− i a3D
ka2⊥
(
η1e
i2ka + η2
)− a3D
2a⊥
[
η1Λ˜(
4a
a⊥
, ǫ) + η2Λ˜(0, ǫ)
]
− 2aike
−ika
a⊥
√
π
+
2aa
3D
a2⊥
(η1e
2ika + η2)− 2aa3D
a2⊥
[
ǫη2 − F˜ ( 4a
a⊥
, ǫ)η1
]
, (57)
which can be represented as 
Gη1 +Hη2 =
eika
a⊥
√
π
(1 + 2iak) = χ
Hη1 +Gη2 =
e−ika
a⊥
√
π
(1 − 2iak) = χ∗
(58)
where
G = 1 +
a
3D
2a⊥
Λ˜(0, ǫ) + i
a
3D
ka2⊥
− 2aa3D
a2⊥
(1 − ǫ) (59)
H =
a
3D
2a⊥
Λ˜(
4a
a⊥
, ǫ) + i
a
3D
ka2⊥
e2ika − 2aa3D
a2⊥
(e2ika + F˜ (
4a
a⊥
, ǫ)) . (60)
By solving Eq.(58), we reach the expression for η1 and η2
η1 =
Gχ−Hχ∗
G2 −H2 (61)
η2 =
Gχ∗ −Hχ
G2 −H2 . (62)
By inserting the above values into the definition of scattering amplitudes (Eq.(38) and Eq.(39)), we obtain the
scattering amplitudes as
fe = − cos
2(ka)− ka sin(2ka)
1
2 (1 + e
2ika)− ika⊥
[
a⊥
2a
3D
+ 14
(
Λ˜(0, ǫ) + Λ˜( 4aa⊥ , ǫ)
)
− aa⊥
(
1− ǫ+ e2ika + F˜ ( 4aa⊥ , ǫ)
)]
(63)
fo = − sin
2(ka) + ka sin(2ka)
1
2 (1− e2ika)− ika⊥
[
a⊥
2a
3D
+ 14
(
Λ˜(0, ǫ)− Λ˜( 4aa⊥ , ǫ)
)
− aa⊥
(
1− ǫ− e2ika − F˜ ( 4aa⊥ , ǫ)
)] .
(64)
It is clear that in the limit a→ 0, the even scattering amplitude corresponds to the value obtained by Olshanii for
the confined scattering on a single center in the pseuopotential approach [6, 8]
fe = − i
ka⊥/2
1
a⊥
a
3D
+ 2ika⊥ + Λ˜(0, ǫ)
. (65)
9Using the fact that Λ˜(0, ǫ) = ζ(1/2, 1+ǫ) = ζ(1/2, ǫ)−1/ ↓√ǫ and ǫ = −a2⊥k2/4 (1/ ↓
√
ǫ = 2i/ka⊥) leads us to Eq.(65)
of ref.[6] for the even scattering amplitude. We have to note that using the interaction potential in the form of Eq.(4)
does not remove the diverging terms , 1|z−a| and
1
|z+a| , of wave function (46) and leads us to a divergency in the final
result. Actually, with potential (4) and in the limit a → 0, the singular term +a⊥4a appears in the denominator of
Eq.(65), obviously deviating from the Olshanii result.
The odd scattering amplitude fo defined by Eq.(64) tends to zero in the limit of a single s-wave zero-range potential
as a→ 0.
IV. 1D EFFECTIVE ZERO-RANGE POTENTIAL
In the papers [6, 8] an effective 1D theory was suggested for approximating CIRs. This approach turned out to
be very convenient and efficient in experimental analysis of CIRs [40, 41]. Following the idea of [6, 8], we eliminate
the confined degree of freedom from the 3D Hamiltonian and reduce the problem to an effective 1D Hamiltonian
with a 1D effective interaction potential. By rewriting the delta functions in Eq.(26) as −i~2km A0 ψ0(z)ψ0(z=a)δ(z − a) and
−i~2km B0 ψ0(z)ψ0(z=−a)δ(z + a), we get the effective 1D Schro¨dinger equation
− ~
2
2m
d2ψ0
dz2
+ V1Dψ0(z) =
~
2k2
2m
ψ0(z) , (66)
where the 1D effective potential is expressed as
V1D =
1
2
[
g+
1D
δ(z − a) + g−
1D
δ(z + a)
]
, (67)
and by using the representation (17) for the wave function ψ0(z), we come to the following coupling constants:
g+
1D
= i
k~2
m
e−ika
fe/ cos(ka) + ifo/ sin(ka)
1 + fe + fo
(68)
g−
1D
= i
k~2
m
e−ika
fe/ cos(ka)− ifo/ sin(ka)
e−2ika + fe − fo . (69)
These constants can be alternatively derived from the jump condition imposed on the first derivative of ψ0(z) due
to the appearance of delta functions in the effective potential (67)(
dψ0
dz
)
z=a+
−
(
dψ0
dz
)
z=a−
=
2m
~2
g+
1D
ψ0(z = a) (70)
(
dψ0
dz
)
z=(−a)+
−
(
dψ0
dz
)
z=(−a)−
=
2m
~2
g−
1D
ψ0(z = −a) , (71)
which are obtained by integrating Eq.(66) over z and in the small range around z = a and z = −a.
From the boundary condition (70,71), it is obvious that if g±1D tends to infinity, then ψ0(z = ±a) must be equal
to zero. So deverging g±1D implies vanishing of the wave function at atom-impurity zero separation; hence, total
atom-impurity reflection (zero transmission) would occur which is the indication of CIR.
V. RESULTS AND DISCUSSION
From the g+1D definition (Eq.68) and the total transmission Ttot = |1+fe+fo|2, it is clear that CIR occurs whenever
1 + fe + fo = 0, or equivalently at complete reflectance R = |fe − fo|2 = 1 where g−1D diverges in the limit k → 0
(Eq.69).
10
Implying fe + fo = −1 leads us to a quadractic equation with respect to the ratio a⊥/a3D . So the CIR condition
is defined as follows
a⊥
a
3D
= −α
2
+
2a
a⊥
(1− ǫ)
±
√
β2
4
− β
ka⊥
sin(2ka) +
4a2
a2⊥
(1 + γ2)− 2aβ
a⊥
(γ + cos(2ka)) +
4aγ
ka2⊥
(sin(2ka) + 2ka cos(2ka)) ,
(72)
where α = Λ˜(0, ǫ) = ζ(1/2, 1+ǫ) , β = Λ˜( 4aa⊥ , ǫ) = −
a⊥
2a +
∑∞
n=1
e
− 4a
√
n+ǫ
a⊥√
n+ǫ
, and γ = F˜ ( 4aa⊥ , ǫ) = −
a2⊥
8a2+
∑∞
n=1 e
− 4a
a⊥
√
n+ǫ
.
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Fig. 2 (Color online) Total transmission coefficient Ttot(
a⊥
a
3D
, a, k) (in logarithmic scale) for three different values of a = 0.01a⊥
(blue curves), a = 0.10a⊥ (red curves), and a = 0.50a⊥ (black curves). Dashed (solid) curves belong to ka⊥ = 0.0707
(ka⊥ = 7.07 × 10
−5). We indicate by arrow the CIR position obtained by Olshanii [8] for the scattering in a one-center
problem.
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Fig. 3 CIR position versus a/a⊥ when both even and odd wave scattering are included and ka⊥ = 0.0707. (a) The CIR
condition when Ttot = 0 (obtained from Eq.(72) with plus sign before the square root).The CIR position obtained by Olshanii
[8] for the scattering in a one-center problem is indicated with an arrow. (b) Dual CIR position when Ttot = 1.
In Fig. 2, the graph for the total transmission Ttot(
a⊥
a
3D
, a, k) is shown as a function of the ratio a⊥/a3D for three
12
distinct values a/a⊥ = 0.01, 0.1, 0.5 and two k, k = 0.0707/a⊥ and k = 7.07 × 10−5/a⊥. Every calculated curve
Ttot(
a⊥
a
3D
, a, k) has two minima for each momentum k and a fixed separation 2a between the scattering centers. The
position of the minima exactly coincides with the values obtained form Eq.(72) which by definition correspond to
the positions of CIRs. The right and left minima of the graph correspond to the values with plus and minus sign
before the square root in Eq.(72), respectively. Thus, the position (a⊥/a3D)+ , corresponding to the right minimum
in Ttot(
a⊥
a
3D
, a, k), demonstrates rather strong dependence on the separation 2a between the scattering centers (see
Fig. 3(a)) and in the limit a→ 0 approaches the value a⊥/a3D = 1.46 which was obtained by Olshanii [8] for the CIR
position in the even state for the case of single scatterer. This fact leads to a conclusion that the right minimum in
the total transmission originates in the even state scattering. As can be seen in Fig. 2, the position of minima and
maxima in the transmission curve for the range a⊥k 6 0.0707 is slightly dependent on the k value.
To clarify the origin of the left minimum and the maximum in the total transmission curve, we have also analyzed
the partial transmissions Te = |1+fe|2 and To = |1+fo|2. In Fig. 4, the total transmission curve is plotted along with
the transmission in the even Te = |1+ fe|2 and odd To = |1+ fo|2 states for a = 0.5a⊥. From Fig. 4(a) it is clear that
the right minimum of Ttot is close to the minimum of Te but is shifted. It means that the even part of the scattering
wave gives the main contribution to the scattering and the odd part of the scattering wave is almost negligible in that
specific range of the ratio a⊥/a3D [16]. For pure even scattering, the CIR occurrence requires Te = |1 + fe|2 = 0 ,
yielding the following position of the “even” CIR(
a⊥
a
3D
)
e
= −1
2
(α+ β) +
sin(2ka)
ka⊥
+
4a
a⊥
cos2(ka) +
2a
a⊥
(γ − ǫ) . (73)
The dependence of the “even” CIR position on the separation of impurities is demonstrated in Fig. 5. It qualitatively
repeats the behaviour of the right CIR in the total transmission shown in Fig. 3(a).
On the other hand, the minimum of odd transmission To coincides with the position of complete total transmission
(Fig. 4(b)). This phenomenon occurs as a result of destructive interference between odd and even scattering waves
in the waveguide trap yielding a zero reflectance (R = 1 − T = 0), the so-called dual CIR [15, 17]. In our case,
R = |fe − fo| = 0 leads to an equation for the dual CIR condition
(
a⊥
a
3D
)
T=1
=
1
cos(2ka)− 2ka sin(2ka)
[
(4k
a2
a⊥
(ǫ− 1) + kaα) sin(2ka)
− sin(2ka)
ka⊥
− 1
2
(α cos(2ka)− β)− 2a
a⊥
(ǫ cos(2ka) + γ)
]
, (74)
illustrated in Fig. 3(b) and Fig. 4(b), and the position of the odd CIR (To = |1+fo|2 = 0) obeys the following relation:(
a⊥
a
3D
)
o
= −1
2
(α− β)− sin(2ka)
ka⊥
+
4a
a⊥
sin2(ka)− 2a
a⊥
(γ + ǫ) , (75)
which is shown in Fig. 6 with a quite similar behaviour to the dual CIR position in Fig. 3(b).
We have to note that the presence of odd scattering is also “responsible” for the left minimum in the total trans-
mission Ttot in the region of a⊥/a3D where an interplay between odd and even scattering amplitudes results in
[1 + fe + fo] = 0 and subsequently in zero transmission (see Fig. 7).
With decreasing distance between the scatterers (as a→ 0), the maximum and left minimum in the total transmis-
sion approach one another (see Fig. 2). However, our computational scheme is not applicable to the odd scattering at
a = 0 [11]. Nevertheless, in the vicinity of a = 0 (as a→ 0) our model gives a qualitatively correct result for the odd
scattering. To solve the problem quantitatively as a→ 0 for the case where the particle-impurity interaction range is
of considerable amount, one has to take into account the actual shape of the interaction potential.
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Fig. 4 (Color online) Total transmission coefficient Ttot (in logarithmic scale) along with (a) pure even transmission Te (b)
pure odd transmission To for the impurity separation 2a = a⊥ as a function of a⊥/a3D when ka⊥ = 0.0707 .
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Fig. 5 Even CIR position versus a/a⊥ when ka⊥ = 0.0707. The CIR position obtained by Olshanii [8] for the scattering in a
one-center problem is here indicated with an arrow.
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Fig. 6 Odd CIR position versus a/a⊥ when ka⊥ = 0.0707.
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Fig. 7 (Color online) (a) [1 +Re{fe}] (blue dashed curve), Re{fo} (red dashed curve) and the resultant [1 +Re{fe}+Re{fo}]
(black solid curve) (b) Im{fe} (blue dashed curve), Im{fo} (red dashed curve) and the resultant [Im{fe}+ Im{fo}] (black
solid curve) for the impurity separation 2a = a⊥ as a function of a⊥/a3D when ka⊥ = 0.0707. Both black solid curves pass
zero axis at a⊥/a3D = 0.42, 3.04, representing the CIR positions.
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VI. CONCLUSION
We have investigated atomic scattering from two centers (impurities) fixed on the longitudinal axis of a waveguide-
like trap via the pseudopotential approach. In this method, we have introduced a new regularization operator for
the zero-range interaction potential leading to consistent results with the corresponding one-center problem when the
displacement between the scattering centers approaches zero.
We have found that in contrast to the confined scattering on a single center in the s-wave pseudopotential approach
[8], there are two CIRs in the confined two-center problem due to the resonances in the even and odd scattering states
at a fixed distance between the centers. Moreover, with increasing the distance, the CIR position is shifted to higher
values of the ratio a⊥/a3D .
The obtained results can be considered as a starting point for quantitative analysis of confined atomic scattering
on fixed impurities or two-atomic molecules. The analysis can be improved by using more realistic potentials for
atom-impurity (atom-molecule) interactions.
The regularization method we suggested here can be extended to the case of N impurities in a waveguide-like
trap, thus paving a way to solve many-body problems in confined geometries where interactions in the corresponding
nonlinear Schro¨dinger equation can be simulated by pseudopotentials. It can also be useful for constructing a mean-
field approach without ultraviolet divergencies due to contact interactions [30].
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VIII. APPENDIX A
For simplifying the second derivatives appearing in the definition of pseudopotential (Eq.(8)), we proceed as follows:
By using
∂z
∂r1
=
z − a
r1
(76)
∂ρ
∂r1
=
ρ
r1
(77)
and
∂z
∂r2
=
z + a
r2
(78)
∂ρ
∂r2
=
ρ
r2
(79)
we get
∂
∂r1
=
ρ
r1
∂
∂ρ
+
z − a
r1
∂
∂z
(80)
∂
∂r2
=
ρ
r2
∂
∂ρ
+
z + a
r2
∂
∂z
(81)
Since η1 and η2 are defined in the limit r1(2) → 0 (29,30), the derivatives should be computed at ρ = 0, so we deal
with
∂
∂r1
=
z − a
|z − a|
∂
∂z
(82)
∂
∂r2
=
z + a
|z + a|
∂
∂z
(83)
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In the limit r1 → 0 and r2 → 0, we will have z → a and z → −a , respectively:
η1 =
1
2
∂
∂r1
[
∂
∂r2
(r1r2ψ)
]
r1→0
=
1
2
z − a
|z − a|
∂
∂z
[
z + a
|z + a|
∂
∂z
(|z − a||z + a|ψ(ρ = 0, z))
]
z→a
=
1
2
d2
dz2
[(z − a)(z + a)ψ(ρ = 0, z)]z→a+ (84)
η2 =
1
2
∂
∂r2
[
∂
∂r1
(r2r1ψ)
]
r2→0
=
1
2
z + a
|z + a|
∂
∂z
[
z − a
|z − a|
∂
∂z
(|z − a||z + a|ψ(ρ = 0, z))
]
z→−a−
=
1
2
d2
dz2
[(z − a)(z + a)ψ(ρ = 0, z)]z→−a− (85)
[1] C.J. Pethick, and H. Smith, Bose-Einstein Condensation in Dilute Gases (Cambridge University Press, Cambridge, 2002).
[2] L. Pitaevskii, and S. Stringari, Bose-Einstein Condensation (Oxford Science Publications, 2003).
[3] A. Leggett, Rev. Mod. Phys.73, 307 (2001).
[4] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885 (2008).
[5] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev. Mod. Phys. 82, 1225 (2010).
[6] V. Dunjko, M. G. Moore, T. Bergeman, and M. Olshanii, Advances in Atomic, Molecular, and Optical Physics 60, 461
(2011).
[7] T. Busch, B. G. Englert, K. Rzazawski, and M. Wilkens, Found. Phys. 28, 549 (1998).
[8] M. Olshanii, Phys. Rev. Lett. 81, 938 (1998).
[9] T. Bergeman, M. C. Moore, and M. Olshanii, Phys. Rev. Lett. 91, 163201 (2003).
[10] E. L. Bolda, E. Tiesinga, and P. S. Julienne, Phys. Rev. A. 68, 032702 (2003).
[11] B. E. Granger, and D. Blume, Phys. Rev. Lett. 92(13), 133202 (2004).
[12] J. I. Kim, J. Schmiedmayer, and P. Schmelcher, Phys. Rev. A 72, 042711 (2005).
[13] V. Peano, M. Thorwart, C. Mora, and R. Egger, New J. Phys. 7, 192 (2005).
[14] Z. Idziaszek, and T. Calarco, Phys. Rev. Lett. 96(1), 013201 (2006).
[15] J. I. Kim, V. S. Melezhik, and P. Schmelcher, Phys. Rev. Lett. 97, 193203 (2006).
[16] V. S. Melezhik, J. I. Kim, and P. Schmelcher, Phys. Rev. A. 76, 053611 (2007).
[17] J. I. Kim, V. S. Melezhik, and P. Schmelcher, Prog. Theor. Phys. Suppl. 166, 159 (2007).
[18] E. Fermi, Ric Sci., 7(2), 13 (1936).
[19] K. Huang, Statistical Mechanics (John Wiley & Sons, New York, 1963).
[20] M. Tomza, K. Jachumski, R. Gerritsma, A. Negretti, T. Calarco, and P. S. Julienne, arXiv preprint: 1708.07832 (2017).
[21] M. Saffman, T. G. Walker, and K. Mølmer, Reviews of Modern Physics 82, 2313 (2010).
[22] J. M. Schurer, A. Negretti, and P. Schmelcher, Phys. Rev. Lett. 119, 063001 (2017).
[23] U. Bissbort, D. Cocks, A. Negretti, Z. Idziaszek, T. Calarco, F. Schmidt-Kaler, W. Hofstetter, and R. Gerritsma, Phys.
Rev. Lett. 111, 080501 (2013).
[24] J. C. Slater, Electronic Structure of Molecules (McGraw-Hill Book Company, Inc., N.Y., 1963).
[25] I. V. Komarov, L. I. Ponomarev, and S. Yu. Slavyanov, Spheroidal and Coulombian Spheroidal Functions (Nauka, Moscow,
1976) [in Russian].
[26] M. Sroczyn´ska, T. Wasak, K. Jachymski, T. Calarco, and Z. Idziaszek, Phy. Rev. A. 98(1), 012708 (2018).
[27] R. Stock, A. Silberfarb, E. L. Bolda, and I. H. Deutsch, Phys. Rev. Lett. 94(2), 023202 (2005).
[28] A. Derevianko, Phys. Rev. A. 72(4), 044701 (2005).
[29] F. Stampfer, and P. Wagner, J. Mathe. Analysis and Appl. 342(1), 202 (2008).
[30] M. Olshanii, and L. Pricoupenko, Phys. Review Lett. 88(1), 010402 (2001).
[31] L. Pricoupenko, and M. Olshanii, J. Phys. B. 40(11), 2065 (2007).
[32] K. Kanjilal, and D. Blume, Phys. Rev. A. 73(6), 060701 (2006).
[33] C. Zhang, and C. H. Greene, Phys. Rev. A. 88(1), 012715 (2013).
[34] H. Bethe, and R. Peierls. Quantum theory of the diplon, Selected Scientific Papers Of Sir Rudolf Peierls: (With Commen-
tary), 142 (1997).
[35] K. A. Brueckner, Phys. Rev. 89(4), 834 (1953).
[36] B. M. Smirnov and O. B. Firsov, Sov. Phys. JETP 20(1), 156 (1965).
[37] Yu. N. Demkov, Sov. Phys. JETP 22(3), 615 (1966).
[38] A. I. Baz, Ya. B. Zeldovich and A. M. Perelomov, Scattering, Reactions and Decay in Nonrelativistic Quantum Mechanics
(Moscow, 1969).
[39] Yu. N. Demkov and V. N. Ostrovskii, Zero-range potentials and their applications in atomic physics (Plenum Press, NY,
1988).
18
[40] E. Haller, M. J. Mark, R. Hart, J. G. Danzl, L. Reichso¨llner, V. S. Melezhik, P. Schmelcher, and H. C Na¨gerl, Phys. Rev.
Lett. 104(15), 153203 (2010).
[41] G. Zu¨rn, F. Serwane, T. Lompe, A. N. Wenz, M. G. Ries, J. E. Bohn, S. Jochim, Phys. Rev. Lett. 108(7), 075303 (2012).
